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Suppose that 3 > 1 — 1/ and h € L(R)* for all § > 0.
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Theorem 1 (Existence)

If Xo € X with [, Xo(x)Pe"Mdx < oo for all p < e, then (1) has a solution:

sup E{ / X,(x)pe*|x|dx} < oo forall p € (0,a).
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Theorem 2 (PU)

If {X; : >0} and {Y; : t > 0} are two solutions to (1) with Xy = ¥, P-a.s.,

/|Xt |dx—0f0rallt>0}:1.

Remark: PU for SDE holds with 5 > 1 — 1/« (Fu and Li (2010), Li and
Mytnik (2011), and Li and Pu (2012)).
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Sketch of proof for Theorem 1

By (1),

X = Xo(o) + 3 [ axas+ [ [ X (0h - oias, )
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Sketch of proof for Theorem 1

By (1),

X = Xo(o) + 3 [ axas+ [ [ X (0h - oias, )

Inspired by Sturm (2003), we prove that SDE system has strong PU solution:

W) = () + / A" (") ds + / L1 s ). @)

where X" € Z, 1" := (x — 5= x + 5],

n’’x 2n’

up(x) = n/ up(v)dv, h'(y,x) = n/ h(y —v)dv
n I
and A" is a discrete Laplacian operator defined by

A"f(z) = n?[f(z+1/n) +f(z— 1/n) = 2f(2)].
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Sketch of proof for Theorem 2

By (1),

o) = )+ 3 [ anass [ [ [ x-00 —nrtaeias.
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By (1),

(X1,f) = (Xo,f) + / (X, Af)ds + / / / (y—x)f(x)dx}L(ds,t
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Xy 1= Xr — Ve X0 = X + ),
Hz’r(xa y) = fRP(S(gtr +x—=v)h(y —v) [XT—t(V)/B - YT—t(V)ﬁ]dV'
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Sketch of proof for Theorem 2

T T— )
YOI vO,r r AN
X0 (x) :/ VX2 (x)dB —i—/ /0 /RHf’ (x,¥)zN(ds, dz, dy).
t t—
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Sketch of proof for Theorem 2

T T— 0o
YOI vO,r r AN
X0 (x) = / VX5 (x)dBs + / /0 /R H2"(x,y)zN(ds, dz, dy).
t —

o pu(x) = foM dy [3 ¥n(z)dz witha, := exp{—n(n+1)/2}, fai”*‘ P (x)dx =
land 0 < ¢, (x) < 2”_1x_11(a,,,a,,,1)(x)-
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T T— 0o
YOI vO,r r AN
X0 (x) = / VX5 (x)dBs + / /0 /R H2"(x,y)zN(ds, dz, dy).
t —

o pu(x) = foM dy [3 ¥n(z)dz witha, := exp{—n(n+1)/2}, fai”*‘ P (x)dx =
Land 0 < ¢, (x) <20 'x"'1(, o y(x). Then ¢ > 0.
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Sketch of proof for Theorem 2
r T— 00 s
= / VX5 (x)dBs + / / / H2"(x,y)zN(ds, dz, dy).
t t— 0 R

o ¢(x fom dy [3 ¥n(z)dz witha, := exp{—n(n+1)/2}, fain—l Y (x)dx =
1 andO g Yu(x) <207 'x M, 4 ) (x). Then ¢} > 0.
e By It6’s formula,

T
ou(XP(x) = 2 / (XD ()| VXD (x) 2ds — / 41,(X57 (x)) VXS (x)dB,

/ ds / dy / Du(XP7(x), 2HY (x, ) (d2)
/T_ / [ DA ) (55, . )

where D, (y,2) := ¢n(y+2)—&n(y) and Dy (y,z) := du(y+2) — du(y) — 20, (y).
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Sketch of proof for Theorem 2

B{oa2 0} <kf [ as [ [ 2R, ria) )
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Sketch of proof for Theorem 2

60,50} <k{ [as [ [ DR, rla) )

e Letting § — O,

{(ﬁn (X] (x <E / ds/dy/ D, (X (x), zHL (x, )7 (dz)},

where X7 (x) := X,(§ +x) and H{(x,y) := h(y — (& + x))[Xr—s(& +x)° —
YTfs (5; + x)ﬁ] .
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Sketch of proof for Theorem 2

o Since |¢,| < 1, |Du(y,2)| = [¢n(y + 2) — Pu(2) — 26, (¥)] < 22.
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Sketch of proof for Theorem 2

o Since || < 1, [Da(y, 2)| = [én(y + 2) = ¢u(2) — 26, (¥)] < 2[z].
e For y(y + z) > 0, we have D, (y,z) < 2n'22/|y|.
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Sketch of proof for Theorem 2

o Since || < 1, |Du(y,2)| = [¢a(y + 2) — Pu(2) — 290, (y)] < 22.
e For y(y +z) > 0, we have D, (y,z) < 2n~'2?/]y|.
e Then for 0,y > 0, (7(dz) = cz~'~%dz),

/ D(X(x), 2! (x,y)) e (d2)

n"f\X’ B 7 a
- /0 D (K7 0.2 ) () + / DX (x), 2Hy (x, ) (dz

X5 ()]0
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Sketch of proof for Theorem 2

o Since || < 1, |Du(y,2)| = [¢a(y + 2) — Pu(2) — 290, (y)] < 22.
e For y(y +z) > 0, we have D, (y,z) < 2n~'2?/]y|.
e Then for 0,y > 0, (7(dz) = cz~'~%dz),

/ D(X(x), 2! (x,y)) e (d2)

n"f\X’ B 7 a
- /0 D (K7 0.2 ) () + / DX (x), 2Hy (x, ) (dz

X5 ()]0

s 261 5 n” |X; (x)] 5
< Cn Xy — € — ) / Pr(ds)

TP - —0) [l

Y X (%))
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Sketch of proof for Theorem 2

o Since || < 1, |Du(y,2)| = [¢a(y + 2) — Pu(2) — 290, (y)] < 22.
e For y(y +z) > 0, we have D, (y,z) < 2n~'2?/]y|.
e Then for 0,y > 0, (7(dz) = cz~'~%dz),

/ D(X(x), 2! (x,y)) e (d2)

n"f\X’ B 0o 7 a
- / D R0 <7 ) ) + /  DRI(), e y)
0 nY (X7 (x)|®
n” |X; (x)]
< Py g [T 2aa
+ClT ) PR(y — € — x)) / )
1% ()9

= Cnm R Py — € — )
= X7 ()| Oy — & — )2
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Sketch of proof for Theorem 2

o Since || < 1, |Du(y,2)| = [¢a(y + 2) — Pu(2) — 290, (y)] < 22.
e For y(y +z) > 0, we have D, (y,z) < 2n~'2?/]y|.
e Then for 0,y > 0, (7(dz) = cz~'~%dz),

/ D(X(x), 2! (x,y)) e (d2)

n"f\X’ B 0o 7 a
- / D R0 <7 ) ) + /  DRI(), e y)
0 nY (X7 (x)|®
n” |X; (x)]
< Py g [T 2aa
+ClT ) PR(y — € — x)) / )
1% ()9

= Cnm R Py — € — )
= X7 ()| Oy — & — )2

which tends to zero as n — 0o if 0 < v < 1/(2 — «) and € is chosen so that
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Sketch of proof for Theorem 2

0<28-14+2—-a)f<a, 0<B8+(1—a)f<a.
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Sketch of proof for Theorem 2

0<28-1+Q2-a)f<a, 0<B+(1—a)f<a.
The above inequalities are equivalent to

1—2B<0< 15} /\a+1—267
2—a - T a—1 22—«
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Sketch of proof for Theorem 2

0<28-1+Q2-a)f<a, 0<B+(1—a)f<a.
The above inequalities are equivalent to

1—2B<0< 15} /\(y+1—26
2—a - T a—1 22—«

)

which holds as longas 5 > 1 — 1/a.
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Sketch of proof for Theorem 2

0<28-1+Q2-a)f<a, 0<B+(1—a)f<a.
The above inequalities are equivalent to

1—2B<0< 15} /\(y+1—26
2—a - T a—1 22—«

)

which holds as longas 5 > 1 — 1/a.
e Letting n — oo,

E{ X7 (& +x) = Yr-i(& +x)|} =0,
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Sketch of proof for Theorem 2

0<28-1+Q2-a)f<a, 0<B+(1—a)f<a.
The above inequalities are equivalent to

1—2B<0< 15} /\(y+1—26
2—a - T a—1 22—«

)

which holds as longas 5 > 1 — 1/a.
e Letting n — oo,

E{ X7 (& +x) = Yr-i(& +x)|} =0,

Taking r = 1, we get E{|X7_,(x) — Yr_4(x)|} =0,
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Sketch of proof for Theorem 2

0<28-1+Q2-a)f<a, 0<B+(1—a)f<a.
The above inequalities are equivalent to

1—2B<6< 15} /\(y+1—26
2—a - T a—1 22—«

which holds as longas 5 > 1 — 1/a.
e Letting n — oo,

E{ X7 (& +x) = Yr-i(& +x)|} =0,

Taking r = 1, we get E{|X7_,(x) — Y7_;(x)|} = 0, which implies

/ X, (x) — Y,(x)|dx = 0 for all > 0}
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General result

Theorem
Suppose that

(C1): G(0) > 0,H(0) = 0, and the function x — H(x) is nondecreasing.
(C2):

|G(x) — G(y)| < Clx —yl,
|H(x) — H(y)| < Clx —y/°

for some constant 1 — 1/a < 8 < 1. Then for the following SPDE, Theorems
1 and 2 also hold:

8Xa’§x) = %AXM) +GX() + HX,— () L(x), t>0, xR

Xu Yang (NMU)
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o Let h(x) = p,(x) := \/21?767)(2/(27)‘

Could we get PU to SPDE driven by stable white noise as v — 0?

Xu Yang (NMU) Existence and pathwise uniqueness to an SPDE



Thanks!

E-mail: xuyang@mail.bnu.edu.cn
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